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THE LOAD DISTRIBUTION IN BOLTED OR RIVXTED JOINTS

IN LIGHT-ALLOY STRUCTIJRESL

By F . Vogt

SUMMARY

This report containa a theoretical discussion of the load distribu-
tion in bolted or riveted joints in light-alloy structures which is
applicable not only for loads below the limit of proportionality but also
for leads above this limit. Vne theory is developed for double and sin—
gle shear Jointe. The methods given are illustrated by numerical exam-
ples and t~.evalues ass~ed for the bolt (or rivet) stiffnesses are based
partly on theory and partly on knc.wnexperimental values. It is shown
that the load distribution doe~ not vary greatly with the bolt (or rivet)
stiffnesses and that for design purposss it is usually sufficient to
knew their order of magnitude. The theory may also be directly used for
spot—welded structures and, with small modifications, fcr seam+elded
structures. The computationalwork involved in tha methods described is
simple and may be completed in a reasonable time for most practical prob—
1ems.

A summary of earlier theoretical and experimental investigations on
the sub~ect’is included in the report.

1. IITPRODUCTION

The distribution of the loads on rivets in steel structures has re-
ceived much attention during the last 30 years and a m.zmmaryof refer--
ences on this subject is given in section 2. It has been shown that the
load distribution is not usually uniform, and this has been eqlained
theoretically by considering the relative stiff~esses of the different
parts of the structure. The actual stiffnesses have been calculated in
this way fr~m the observed nonunifo~ities in the load distribution.

~Re_printof Report No. S.M.E. 3300, Oct. 1944; issued by the Royal
Aircraft Establishment, Farnborcnzgh,R@and.
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The theoretical information available, hcwever, is only valid for
leads below the limit of proportionality, and for aircraft structures the
~e:~a-{icrabove this limit is of great importance. This report contains a
theoretj:al discus~ion of the load distribution in bolted or riveted
jcints that is more complete, and particular attention is given to the
case in which the loads exceed the limit of proportionality.

.tivtheoretical treatment must be baeed on the lmowledge of the
local displacement at a bolt (or a rivet) as a function of’the sheer load
carried, and the load distribution for any number cf ‘coltsor rivets may
then “uefcund mathemat~cally. The basic problem is therefore to determine
the local displacement at a bolt, or the stiffness of the bolt, as a func—
tion of the load. This displacement includes the ber.dirlgand shear defor-
mations in the bolt itself tc~ether with the iocal ccrnpress:onin the
plates dae to the bearing strwmes. This dis>iacemnt can to some exterit
be estimatad theoretically when the loads are below the limit of propor–
tixality, and this is shown in 3.2. This is not possible for loads
abo-,’sthi& limit, and, a6 the experimental infcruation at present civail-
able is net s~u.f+f’icieu<,further tests are necessary.

In this c“rrmction the difference in b=havi~r of bolts and hot @r
ccld rivets, ar.dof ‘Delisor rivets in sinpjlecr Lcuble shear, is imFor-
t%:.t. In hot riveting the plazes are pressed together aad the shear load
up t~ a certain amcunt is carried by fricticn; when this fricticn fails
the rivez carries the shear load directiy. In cold riveting in light-
allcy stru-+”...res the pr’ossurebetween the plates is comparativelymuch
less m.d consequently tlieload carried ty friction is also leas. The
pressure in bolted corr-ecticnsis e~tirel;~depeniienion the tightening of
the nuts and ca~lot be relied UpOn in aircraft structures tecause of the
effects of vibraticn. The diameter of the rivet is i~creased during the
prccess of riveting due to compression ad this is particularly the case
irlhot riveting. The rivets not only fill the hole drilled in the plate
but may even enlarge it. In bolted corm.ectionsthe holes usually are
drilled with a slightly larger diameter than the bolts, and when the
shear load is increased above that taken by fricticm the plates will sliy
before the bolts can act again. This slip can be eliminated only by us–
ing bolts turned to a close fit. Ow-ingto both these reascns hct rivets
can be assumed to be stiffer than cold rivets of the same nc~inal dimen—
sior~s,and they are both stiffer thar.bolts. Ccnqmriscr.between the
series of tests a.vaj.lahleis difficult and, further, the value of tests
orlsteel structures for the design Cf light–aliey structures is limited.
It should be remembered also that even if rivsts ir.single shear are de—
signed far the same bearing and shear stresses as far rivets in double
shear, they may be~la-~every differently, and this is mcst naticeabla when
the plates are thin ar.dflexible in ccmpariscm.with the rivets. In the
case of single shear the plates will Le bent locally, aridth~ cor.sequent
tilting of the rivets may ir.creaseccmsiderably tb.edisplacement t,etween
the plates. Because ex~erimental data on the~e fur.damentalpartp of the



I!MCATM No. 1135

problem are yartly lacking, the analysis developed In this repcti 58
bared on assumad rivet and bolt etiffqesses that can be only partZY
checked either by theory

2. SUMMARY OF

or by available test results.

REFERENCES TO EKRLIER INVXSTIGATIO~S

C. Batho in reference 1 base~ the theory of the load distribution
on the principle of least wor~ it IS developed for double sheer Jointsby
aseuming known values of the rivet stiffnesses. The theo~~ is applicable
only to loads below the limit of proportionality, and consideration is
given to Joints between tapered members. The rivet stiffnessee were cal-
culated from tests made on Joints with a large number of rivets.

Tests reportedly J. Montgomery on pages 727 end 755 of reference 2
were made on steel plates with single to quadruple riveted lap Jcinto
that are @rdi~rily used in shipbuilding, that is, rivets in single shear.
A main purpose of the6e tests was to determine the load at which the fric-
tional resistance due to compression between the plates fails and the non-
uniformity of the load distribution in multiple row rivets was confirmed.
The tests given in the paper cannot, however, be used fcr an accurate de-
termination of the ~iiffne6s of the rivets because this would involve
complicated calculations.

Strain tests on steel gusset plates are reported by
ence 3) end indicate a nonuniform load distribution, but
be used for the determination of the rivet stiffnesses.

In reference 4 by W. Pleines tests on ri-{etedsteel

T. \JyEIs(refer-
the tests cannot

connecticne are
referred to, and the limit of proportionality can cnly to scme extent be
Judgad. Tests were ~de also on d~al platee connected by a steel bolt
in double shear to steel straps, ~d give valuable i~ormstion on the
limit of p~oporti~nality so far as bearing stresses on dural plates are
concerned. The stiffness of dural bolts connecting dural plates can?ot
be found from these tests.

A Paper by E. Cassens (reference~) contains a theory for the calcu-
lation of the loads on rivets connecting a plate to a beam in bendi~g.
The the~ry is not adequate as essential features are omitted and the re-
sults are partly misleading. A few tests on the stiffness of rivets in
steel and dural structures are also referred to, but no details cf plate
dimen~ions or test methods are given. Although the author applies these
test results to rivets in e~gle shear it is riotclear whether the tests
were conducted on rivets in single or double shear.

Steel Struct~es Research Committee Reports (reference 6) include
theoretical inveetigatiane and also tests. In the first repprt (PP. LOO-
179), Batho gives ax+imp~ovpment cf hts theoretical @?e@tment in reference
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1 wMch is valid below the limit of proportionality. Tests on joints with
a large nzmber Of rivets or bolts were made bY S~nawi in CO~ect~on with
tki~ tl:ecn-eticalinl~estigation.The load carried by friction in the case
cf oolied connections was measured also as a function of the torque on
tke ‘oolts. This last matter also is dealt with in the second repcrt
(pp. ..1~~—1~~). Cn ~aGea 28>291 and also on peges 295 and 296 Of the

fizel reyrt the defamation at ri-~etsand bolts dua to shear forceH is
ccr.si%red.

In these reports rai?erencesare given also to other papers on this
euh~ect:

C. Findeisen, Eer”twigand Peterman, and Ho~g&ard (references‘~tc $1).

P7~+ch,+-.. in his German textkpok on steel bridges also has publ:~hml,
in l@l, ~.theory of the load distribution cn rivets. The references
a-milabla icdicate that m.ly the simple problem of leads below the limit
Cf proportionality is considezwd.

I?e?f+rence1!?by 0. Volkerson gives 3 theoretical discussion of the
load di~tri’buiionon rivets bcsfi,ion 2 1!Substit-dtesystew” with a cor.iin—
uous ccm.nectic~.hetwcen p15te and strzps instead of colv-ectionat dis—
crete p~ints. This does Llote-qear to simplify the analysis and the
metkcd is unsuitable for tapere.isec’~:.c.nsand for loads amve the limit
cf proportionality. The e.xtens~onclfthe theory to nonlinear deformations
is inccrrect and gives nislmding results. The direct mee,sur~memtsof the
stiffness of dural rivets const5.tutethe main valua cf b.iswcrk azzdthese
test series are the or.lyones of real w.ll~ethat ha~e “teenpublished on
tli;ssubject. The results of the differen: tects are d~scussed in 3.3.

Little original work concerning the load distribution on rivets is
given in reference U. b; H. Portier, but in part VII the Rleich and
Volkersor.methcds are gi~en. In addition, Rcme investigations are gi-:en
on temperature stresses.

~. GENFRAL TELTORYOF lXXITIJZSH?MR JOINTS

3.1 Distribution cf Loads below Limit of PrrQcrtionality

A dcmtle shear joint is shown in fl~ure l(a), ~.d in figure l(b) the
loads carried by the different membezs of ~hc jcint also are ~h,~wn.

Assume the belts to carry t.% shear leads ?l, Pz, P3, P4. . ., half cf
which are carried at each side strap. The tensicc.loada in.the different
sectior.sof ~.heplate are then
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Q1 = l?~
.-

Q2=Pl+P2

Q. = PI + 1’2+ P3, and so forth

and the loads in the two side straps taken together are

Rl=P--Ql

R~=P-Q2

R3=P - Q3, and so forth

wh-re P is the total lead carried by the joint.

The total local displacement at each bolt (in bolt, straps, and
plate) may be written in the form

52 = C2P250, and so forth

wh~re Lo is a quantity with which all deformations are coqared, and
cl, C2, and so forth} arc nor.dimensicmal]arameters that are constants
below the proportional limit and functions of the loads abcve the propo~
ticnal limit.

The extension of each s~ction of the plate and of the side straps
may in the same way be written in th- form

and

respectively.

Ncw

A1l= al Q1 80

?%2== % QZ Go> and so forth

L= = bl R1 b.

k= = bz R= 5., and so forth
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and these give the following equations,

clPa+alP1=bl (i?-P1)+c2P2

c2P2+a2(P1+P=)=bz (P-- P1– P2)+c3P3

c3P3+a3(P1+P2+P3) =b3(P– P1-Pa–p3)+ C4P4

ar.dso or~,if there are mwe than four bolts,

(z,l+bl +cl)P1-c~P2=bl P

(az+bz) Pl+(a2+bG+c2]lc -c3F3=bz P

(aa + ba)(pl + ?z) + (as + b~ + C3)p3 - C4 ?4 = b3 P} ad so fcrth

Further, if there are n bolts

P= P=+ P2+P3+. ..+2~

ar.d“fronthese si~~pleeguations the loads Fl, 22, ar.dso forth, cazried
by the belts are eaaily calculated once the ccefficierits 8, b, and c,
which re~resent the relative stif’fnessesof t,k.e~arts of ‘theJoimc, are
kxmn..

If the belts are
each row Cor.taifinga
out as a.bo!rewith the
the ith row be mi
The load or.
ti~ri~whicil
be replaced

Exam514 1— -—.

the

the

Assum+

arranged in several rcws nG.mal to the tensile load,
number cf kolts~ the calculations may be cari-ied
following modification. Let tinenumber of Dolts in
and let Pi be the total load on all these bolts.
will then be Pi/’mi. The terms CiP~ in the equa--

the displacement at an individual bolt shc,uidthen
by ci?i;’~i; otherwise, +he quatiOnS UW unaltered.

the at~ffneas cf all sectlcns of the piztes and stra~s to be
su ar.dtake 60 = zj’EA, where A ia the m~an effective section of
plate, so that

al = a2= as= . . . = bl =b2=b3= . . . = 1

--- ..—.--— --- —. .. . ... ,,,-,,,,, ,, ,,, ,.,
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Assume further that the stiffness of all the bolts i.sthe same:

C1=C2=C3 =...= c

The equationB are then

(2+ C) P== CP2=P

2?1+(2+C)P2-CP3= P

2P1 + 2P2 + (2 + c) PS = c P4 = P, and so fcrth

and because of s~etry,

P~ = Pn, Pz = Pn-l, P3 = F’n-2,and SC forth

which together with the relation

gi-~esthe following results.

For 3 bolts: PI = F’a= P(l + c)/(2 + 3c) and Pz = P c/(2 + 3c)

Fcr 4 bolts: P~ = P* = P(2 + c)/(4+ 4c) and P2 = P~ = P c~(k + &c)

For 5 bolts: PI = P= = P(2 + 4C + c2)/(4 + 10C + 5C2)

~2 = PA = I?(C+ c2)/(4+ 10C + 5C2)

and P~ = P c2/(4 + 10C + 5c~)

For 6 bolts: PI =P6 = II(4+ 6C + c2)/(8+ 16c + 6C2)

P2 = P5 = p(~C + c2)/(8 -F16c -+6C2)

and PcJ=P4= P c2/(8 + 16c + 6C2)

with, for instance, c = 2, these relations giVe;

--
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For 3 bolts: P1 =Ps = 0.375P or 1.125P/3

P= s 0.25 P

For 4 bolts; PI = P4 = 0.333 P or 1.333 P/4

P= = P3 = o.167P

For 5 bolts: Pl = I?5= 0.319P or 1.595 P/5

F* = Pq = 0.135 P

P3 = 0.091 P

For 6 bolts: P1 = P6 = 0.3wT CW1.87P/6

Pa =P5= 0.125 P

P3 = P4 = 0.063 ?

This gives the well-known result, that by using relatively stiff
bolts (when c ie small) an i~crease in the n~ber of ~glt~ does not re—
duce the load en the highest loaded bolts very much, provided the loads
are below the plOpGrtiOnal limit. By using very flexible bolts (when c
is Iar[;s)the load distribution a__Froxi?netesto a uniform distribution:

Pi--->P/M as c -–> m

This is tc scme extent realized when all tb.ebc,ltsur.dergolarge non-
linear deformations while the plate and strap8 still remain Btiff. (See
3.7 arid3.8.)

Example 2

A unifcrm lead distribution can be obtained also by tapering the se~-
tion of the plate and straps in prwpcrtion to the load to be carried by
this desired distribution..For instance, in the case of five bolts the
relative stiffneaaes c,fthe different sectionu should be chosen as follows:

84=%1=1 that ie eection 4 = Pl

az = b2 = 4/3 that is section As = B2 = 0.75 BI

a2 =b3=2 that is section A2 = B3 = O.~ Bl

al =b4=4 that is section Al = B4 = 0.25 BI
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andifc1=c2=c3= C4=C5, it is found that PI =P.2-=P~ =P~ =P5,
-—

ar.d”this result ie independent of the value of c.

More ganerally, a uniform load distribution is obtained if all }olta
have the same stiffness and the cross sections of’the piatee are chocen so
that

Bi = Ai (n

but i.tis hardly practicable, however,
constructions.

- i)/i

to taper to this extent in actual

If the taper is chosen as follcws,

a =bl = 1 that is s=ctj.cm & = RL

as . b= = 1.25 = 5/4 that is section A3 = B2 = 0.8 B3.

a< = b~ = 1.667

al =b4=2.5=

it is fourd tkat for c

= 5/3 that is section A2 = Bs = 0.6 El

5/2 that is section Al = B4 = 0.4 El

= 2,

P~ = P5 = 0.245 P

P2 = P4 = 0.174 P
and

P~ =-0.:.62P

iIl=te,Zd01” C.3VP, 0.136P, and 0.091 P if there were r.otaper.
Similarly, for c = 4,

PI = P5 = 0.231 T’

P~ = P.4= 0.183 P
and

P3 = 0.172 P

instead of 0.274 P, 0.16L l?, and 0.129 P if there were no taper.

With thie degree of tapering, the maximum load on any bolt for c = 2
is reduced frcm 1.79> to 1.22> times 0.2 3? and for c = k is reduced frcm
1.370 to 1.135 times 0.2 P.

— -—.—
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In other words, the taper has
the outer bolts to nearly the mean

comiderably reduced
value 0.2 P.

NACA T14N~. l13!j

the overload on

If’tlJesecticns 1.0 - 0.8 – &6 – 0.4 are the maximum degree of taper
tlmt flanbe ueed in order to maintain the necessary strength of plate, it
i~ to % questioned whether this is the best possible taper. A detailed
invest’.gaticnindicates that the best load distribution is obtained by
making the cress section of the plate as small as yoseible between the
last two bolts and by tapering Gn.lyafter the ~ecord bolt. For imtance,
with tl.ate.p~r1.0 — 1.0 – 0.7 — O.h and c = 4 the riwt loads are
0.229 P, 0.181 1’,c).180l’,0.181 P, and 0.229Y. The reduction of the
maximum rfvetilead iS only frcm 0.231 P tc 0.229 P, which IS llegli@ib.
But tktistreoses in the plates are reduced also by this ckang~ In tie taper,
arrl.ev~n if tke effect of this alteration Is of little importance, it is
at least an improvertien’~in the design of the structure. The lead distri-
bution for the Particular case of five bolts is ~hown in figure 2.

3.2 Displacement at Rivets cr Yolts ar.dThecr:tical Analysis for

Leads below the Limit of Proportionality

W.ICW the ltiit Of proportionality, and ass’ming that no load is
carried by friCtlGr.,the local deformation at the bolt aiidthe hole can
he approximately calculated in the twc extreme caG~s when the diameter of
the bolt Is either very large or very small in ccmparis~n with the thick-
nesses t of the platg and the straPs.

(1) Dieme%r very large.- In tillscase thp t..ltis very stiff azd will
then kG cr.lyslightly beet, The distrikuilcn of lwd alcr,gthe axis of’
t% bolt can ke assume.‘d t> be fairly even, as shown in figure 3(%). ‘Tke
direot shear and %ending deforr,ationla the kolt itself can tken easily
he talc-~.at,ed.Let fl be thtidisplacement be%eer. tke plate and tlw
straps due to this part of the deformation.. !hl~ diepls,cemer.tcan cbv3-
ously 1- talen as the difference het~-eer.th~ mear.wdir.ate f~r tke elastic
line of the k~lt f’crthe tkickness tz of the plate minus the mean ordi—
Late f~r the tklch+ess tl of the straps, as indicated in figures 3(a}
and 3(b). The detailed calculation gives

fl = (P/EiL)

wkere the first term
second term that due

(9t13 + ~~tla t2 + loti t22 + 2t23) /11.78d3

+ 0.3 (?/Ed) (2tl + t2)/ii

represents tinedeformation Que to bendicg and the
to shear.
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With tl = 0.5ta, this gi?es ,
. . . ,.

fl = 1(P/E){ o.6(t2/d) + (tz/d)s,

and with tl = ta

f
fl= (P/E)lL 0.9(t2/d) + 3.0 (t2/d)5

}

The bemdJng of the bolt introduce8 nonurdf.mnity of tie load with a
concantratl.ontoward the ccmmon surface of the plat(,and the strqs, and
thus roduce6 the ben&bg of the bolt. In additicn, rivat heads and tight
nuts on the bolts will reduce the ?mxM.ng, The formula therefore gives
decidedly too largm a value for the displacement due to bend~ng if d is
Small and can be Gn..lYapprOXiMkl.y COrreCt fOr L%rge values Cf d.

TYw direct ccm,pressionclueto bearing stres~es in the platej the
straps, and the %Glt must be added to this displacement due to bending
of the bolt.

Coker and Filon (reference12, p. 527) give the approximate strees
distribution in an ir.finitelylarge plate with a leaded hole. T& stress
di.stributioriincludes a term pro~ortional to l/x where x is t?ledis-
tance frcm the center of the hole and integraticr.frcm the w-l~eof the
hole to infinitely large values of x wili theref:re giw :nf:r.itely
large value= of the displacmmt f2 (see fig. 4(a)). L’r.lythe local
deformation at the hole is required here and not the effect of the stresses
away frcm the hole. It is therefore reasor.blo to integrate ordy up to
c~rta~ ~~ues of x, and it is found that

for x = d 1.0
[

f2 = p/Et) 0.362
x=dl.5 f~ = P/Et) 0.556
x = d 2.0 fa = (P/’Et) 0.745
x = d 3.0 f2 = (p/Et) 0.967, and so forth

For larger values of x, fz increases only very gradually, and, Hince.—
x = 3d takes into account moro than the local strain, it-

—

to take

In the bolt itself
which are approximately

fa = 0.9 P/Et

there is a compression due to the
P/dt at the surface and half of

is reasonable

hearing stresses
this value at

1

.—
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the axis of the bolt. The corresponding compression between the mrface
and the axis of the bolt can be approximately taken as

f3 = (~fi)(P/dt)(l.5/2)(d/2) = 0.373P/Et

!f%ebearing dresses in tie plate and the bolt give approximately

(P,fit)(0.9+0.375) - (P/Ed) 1.3 d/t

There tficne such term for the middle piate (thicknetist2) and me for
tke ~tra2s (thickness tl), and these together give

(l?/Ed)1.3 (d/2tl + d/t2)

Tke displacement at tie bolt when the hole diameter is large is fi-
nally given by

(P/Ed) f(d/tl, i&)

where f is a functicn of the relative dimensic~s,

a~d fcr tl = G.5 t2

f = 1.3 (d/2t= + d/t2) + o,6tJd + (t2/’d)a

= 2.5 d/t2 + 0.6 t2/d+ (t=/d)3

and for tl = tz

f = 1.95 d/tz + 0.9tz/d+ 3 (t2/d)s

approximately.

These fo?mmlas are only valid for large values of d, and then
the first term is the mcst important, and the others are only of minor
importance.

(2) Diemeter v~ry small.- If the diameter of the bolt is very small
in comparison with the th~aess of the plate the displacement between the
plate and the straps can only depend on tke deformation in the bolt and the
plates near their comnon surfaces.



The ideal case is to some extent represented ‘byspo-b-weldingwl.en
the two mrfacea are hcmogeneouely connected over an tma of dienmtar d.
For this case the diap~acementmay be found by means of the fmmml.ag for
stress and Htmain in a semi-@finite body leaded a% the surface, ar..lfor
leads distributed over rectangular areas the average diap~acement ha. besp
calculated (reference13). Substituting a square of sides s icr e circle
with diameter d + 1.28s, both of which have the same area, it i~ found
that for bolts In double shear

5=2(o.5P@e) 0.91 =1.03P@d

This calculation gives too small a value for the disp?.ac~mentic the
ca8e of bolt or rivet connections because the bolts or rivete are not
welded to tke plate. Cn the contrary, a baaing of the joint must prc-
ducc openings between the bolt and the plate.

Another estimate may be made as follows by ass-umingt~at the bolt
is completely built in at distances greater than gal.,g being a certain
parameter, from the colmmonsmfaces of the plate and the straps. The
bolt is ther.in double shear, as shown in figure 4(b), and

tj = (l?/kd)(3.7g+6.8ga)

and taki~g different value~ of g it iS found tkat

!i’hecoefficients can be d.etermiqedonly by tesifi.,ar.dproTi8icr,ally
a value of 3 3s assumed to be reasonable, Much depende cn how closely
the bolt fits the hole and if the hole is largerthan the bolt the dis-
placement will obviously be greatly increased,

(3) Interpolatim.- my writing

5 = (P/Ed) f

and plotting f aa a function 0$ the ratio d./t.2for very large and very
small values of this ratio, the valuee d f for medium values of the rat’,e
may be approximately obtained by Interpolation as shown in figure 5.
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On dimensional grwnds the displacement must be given by a fcrmul.a
of tkls type, where f is a no~dimensional function of the ratios be-
tween the diameter and tinethickneesee of the plate and the straps. The
width of the plate also enters into this function, but if the width is
lar~e in comparison with the diameter the effect of variations in the
width is negligible.

3.3 Comparison with Tests

Volkerson has measured the deformation for single dural rivets and
gives dia~rams for a coefficient n defined by the equation 8 = P/n
ar.dby biiti,ng

?5= (2@l)F

where f is a function of ‘&.erelative dimensions f = Ed/n

With a value of E equal to 7000 kilograms per square mil.limeterlthe
following remits are obtained from his diagrams:

“f~ values of f are shown in figure 6 as a fvncticn of the ratio
d/t2.

Tho following results gi~en by Cassms alsc are shcwm in.thftse.me
figure on the assumption that the tests were made on rivats in double
sh~~r:

d=5nm n= 100,000 kg/cm
d=4mm n= ~0,000 k,g/cm
d.3~j n= 46,000 k~/’cm

lThis corresponds to 107 psi.
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No information ip given on the test meticxleemployed. VO@H?SOn admitS
w.rj.atfcnsup to a~out 25 percent for the individual ~~ples frcm the
aver~ge cf six, and, where so much depends’On the WG*I.S~fP~ *hf@ is
not unreaaonahla. It is obtiouely more serious that the test resu.l@
are not in agreement with the dtiensional law, which necessities tkt ~
the points should be on a continuous llne in figure 6. !l%i.swas not in-
vestigated, and it is stated that the deformations are proportional to the
lcade up to 17 percent of the ulttiate for d = 5t2 and up to 46 percent
of the ultimate for d = o.’7t2. A more detailed inveatigaticn of VolkerH~fs
results shows that tha proportional limit corresponds either to hxiring
stresses .dptO 32 kg/mm2 m to shearing st~eeees up to 13 kg/mn2. Orlly
for very laga dfl.ametersd in,comparison with the thi~kmsses t wiS
the limit found to he at appreciably lower titreeses,and thle CCd~ %~
expected-becauso the buckling of such thin platcm takes place. In this
connection it should be noted that I’leinerhas observed permanent de~o~
nations due to bearing stres=es above 12 to 15 kg/mm2 in the plates.
Since these deformations me not proportional to the loads, the ltiits
giver.%y Volkerscn therefore ap__earto be high. The deformations, however,
are prokably not greatly in excess of the limit of proportionality.

The disagreement with the dimensional law can be explained by gaps
in the rivet holes or by a different type of nonlfl.neerdeformation. The
mcst reasonable explanation, however, is the difference in the action of
fricticn for large and small rivet diameters. Montgomery (reference2)
has pointed out in aa article that, for steel rivets, “In fact, the whole
series of experiments showed that ths aiherericefactor had not the im–
portance in the thicker plates which it had in the case of thimer material.”
This statement means that fm constant thickne~s of the plates, nut vari–
able diameter of’the rivets, the frictimal reflistanccie comparatively
greater for large than for small rivet diameters. This is in agreement
with the Volkersoa results and miSht explain the disagreement with the
dimensional law.

If, now, comparisons are made with the results of the theoretical
analysls giver.in 3.2, it can be seen that for a small rivet dtemeter there
is fair agreement with the Volkersor.tests. For large diameters cnly did
the tests givo considerably less displacement than that given by the thecry,
thus indicating considerable frictional resistance.

Since the main point here is to obtain a form~la giving the correct
order of magnitude,

f = a(d/t2 +

may be taken as an average where a =
lines corresponding to tl = t= and

d/2t~) +-b

0.8 and b = 2.5, and the straight
tl = t2/2 are shown in figure 6.
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By mlthg

5 = Pf/Ed = cp~o = CP Z/EA

the coefficient c = A f/td used in the general theory is obtained

where

A cross secticn of plate

1 spacing cf rivets or bolts

ar.d

d diaeter of rivets or bo~t~

Frcm the approximate formula given above for f it ie found that

c = (A/1) (0.4/tl+ o.8/t2+ 2.5/&)

Tke cmly other test series that can he used for the dtiterminatfonof
~h~ coefficient ~ is given by Batho in his oriflinalpaper (ueference1),
and in the Steel.Structures CommittefiReports (reference6). From tests on
l/2-inch to 7/3–inch steel ~ivets spaced h inches apart and joining
3–by 5/8-itch plates with 3– by 5/16-inch straps, Batko found the empirical
relation

c = P/(105X d2/4) (Batho used S for c)

whero

P total load on the joint, pounds

ad

d rivet dianneter,inchps

The coefficient c is deduced from theory that is velid only Lelow
the limit.of proportionality and c should then de~end only m the rela–
tive dimensions aridnot on the load. The vari.atjunof c with the load
may have been caused by frictional effects aridby nonlineu- deformations
within the range of ayplied load.

Bathe’s formla for c cannot be directly compared with the formula
based on the theory given above and the Volkerscm tests, becaufieit in–
volves P and no other dimension apart frGm the rivet diameter. Ratho
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has pointed out that the indtict way of determining the coefficient s
dces not give accurate results
is considerably lees than that
and the results of Volkerson.
at failure the value of c is
expected, and for hfgher leads
ing very rapidly.

-d the tests indicate a value of c which
to be expected from the foregoing tkeor~
Even at loads equal to me third of that
only one fourth to one fifth of that to be
the experimental values of c -are increas–

The explanation may be that, for the lower loads, the entire load 3s
carried by friction and then the corresponding stiffness of the rivets 3s
very mtlchincreased.

It is not, however, reasonable to base the deeign of light–alloy
structures on these tests on hot riveted structural because theee must
Involve considerably more friction than is to be expected with cold
rivets or bolts.

The formula based on the Volkerson teets is recorunendedfur the de–
sign of light-alloy structures until new tests have been made,

3.4 Displacements above the Limit of Proportlcnality

Mathematical analysis cannot give the flisplacementof rivets or bolts
for leads above the limit of proportionality, The only test series publ-
ished, which gives general results for light<lloy rivets, appear to be
of Volkerson.

Generally speaking, if the diameter is large in ccm~ariscn witk the
thickness, the joint will fail due to bearing stra~ses after large dicw
placemeritswhich are primarily due to defmm~ticn of the plates, Very
thin plates will fail ky buckling and, according to ~leti.e[~,this occurs
If d is greater than 5t, provided tke plates are not suppcrted by
nutflor rivet heads.

‘TIMfollowing data have been taken from Volkerson’s work and are
shown in figures 7(a), 7(h), 7(c), and 7(d). The tests refer to dural
rivets with dlme~slons given in 3.3.

Let

1~ represent limit of proportionality
correspondingbearing and shear

P~, ultimate
shear

62, ultimate

for the rivet, from which
streeses are calculated

the

lead at failure from which the corresponding
stresseB are calculated

displacement at failure

bearing and

I. --—
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and .

s“ value cf tha’ordinate at the load axis fm ttietangent to the upper
part of the displacement curve. (See fig, 7(a).)

The bearing end shear stresses fur the loads P1 and P2 are ~lotted
4s func~lcne of the ratio d/tz antithose csrreqmnding %0 the load S
are also plott,edin tklesme way. It is found that on an average
s= G.G2 P= with variaticna frcm G.86 to 0.76 w.5 in.on~ excepticm to 0.71.
Failure for d greater than 3t2 seems tobe due to bearing stresses with
a inaxjxmmvalue of’140 kilcgrsms per square millimeter and for .smller di–
ameters is due to sheer stresses with an average value of aboat 29 kilograms
per equare millimeter.

~~r ~ = 3t2 the limit of proportionality seems tobe at bearing
stres~es of about 32 kilcgram per squa~e millimeter, and decreases both
fcr largar arxlsmaller dianeters m shown in f’igxre7(b). For very small
diajnetersthe limit of proportionality corresponds to shear stresses of
about 13 Icllcgremsper sq-uaxemillimeter.

T% displacement at the limit cf proportimality can be f’our.dfrGm

%. = (?l/Ed)f

where f iS the quen.titydiscussed in 3.2 ~d 3,3.

Let the displacement at failure be

52 = (P2/Ed)f,

where f2 is a similar function cf ‘&e ralative di~er.sions. The quantity
f2 has beerlcalculated from.the given test res-ultsarid is shcwn irifigure
7(d) as a fucctlon of tke ratio d/t2. The experimental points in this
figure very nearly lie on a mooth curve, a~d thers is actual.1.ybetter
agreement than for f lmlow the limit of ~roportionality. If Pz and
f~ ~re &.o~,the Ulttiate displacemer.t 82 can IZOWbe found for &iiy

size cf rivet.

In this way the displacement in the high region and the low region
is obtained as a functicn of the load, and it is Gnly necessary to join
the corresponding two straight lines ly a smooth curve. It is not nec–
essary to determine mere points on this curve directly frcm Volkersonte
tests because it i~ more important’toknow their order of magnitude than
their accurate values. The curve shown in figuzze7(a) is for the case
where d = t2. The nonlinear part of the displacement is found to be
cmnparativelymuch greater for larger diameters.
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The continuous
misleading, and for
quately re>reeented

Volkerson made

curve representing the displacement is perhaps a little
most practical purposes the displacement is more ade-
by a discontinuous (or dotted) curve.

3.5 Test Methods

the “elatecontinuous with the side straps attached to
,it as shown in figure 8 &d measured the extension between ~h~ points A2 o
and Cl. A correction was then made for the normal extension in thejlate
(A2–B=) and the straps (B1 -C=). Pleines ueqsured the extensicn he–
tween the points DI and D2 without any correction. At first sigkt it
would appear reasonable to measure the displacement between points El end.
B2 to obtain the lcIca3“bolt + hole deformation” directly. This, however,
would necessitate a correction in the original equations as follcws.

The elongation of the straps between BI and Bll (see fig. $))was
previously denoted by

AZ = b2 R= 50

The total tensile force in the strap for the length B= to Al is, how-
ever, equal to

RI= R2+P2

and the correction eqression for the elongation should therefore be

X* = 50(b2 R2 + bzl J?2)

and similarly for the length of plate B21 to C21 the I.cad p~ enters
Into the expreesicn for the elongation,

AZ = b~(az Q= + a21 I’s)

where the coefficients azl and b21 take account of the additional
elongation in the length when the direct pressure on the hole gives tension
in the plates at both sides of the hole.

Witththe bolt + hole
B2 included in 52,

62

deformation measured

= cal p2 8., and SO

—

between the points B1 and
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Bit
52 + X21

and using this relation

C21 P2 + a2 Q2 + a21 PS

which may also be obtained from the

C2 P2 + elz(PI + I?2)=

by ~~Titing

NACA ~ NO. 1135

=b2R2+%21P2+

orlgiml equation

b2@-P~-P2)+

C31 P3

C3 P3

C2 = Cal - ba=

= C31 - a2
1

and C3

l’hesecorrected coefficients c may be found directly by determining
the extensj.cnbetween the points Al and C2 cn the test specimen sir.ce
the cmnection is made by a sicgle bolt. These ycints shculd le situated
sufficiently far from the %ult for no appreciable strain tc occur beyond
the pGint6. I!iagc~algeging shculd be avcidecl,ar.dto redusa the rmmber
of gaggs a “bridge” my b built up between the tv~ straps as shown in
figure 1’2. Fur testing one bolt, two gages – me on each si~e – are then
rmeded.

3.6 llefwmati-cncf Plate and S%raps,,

If the effect Gf the hole Ye disrsgsrded

A= RI/EA

where A is the cross sectirn and Z is the distance between the bolts
as shcw in figure 11. Sc far as is lmcwn, no direct tests on the addi-
tional elongation due t~ the hole are available in puhlisked w~rk. If
the diameter (d) of the hole is not tco large in comparison with the
width (h) of the plate> an estimate may, kuwever, ‘bemde in the follow-
ing way. A rectangular hole cf area d x nd is substituted for the cir-
cular hole and the extensim is calculated cn the basis that the stress is
uni<ormly distributed both at the ccm~lete secticn and at the reduced sec–
ticn. Thie gives



NACA ‘I! MNo. 1135 2i

where the q.verageeffective section is

A1 = A/
{

1 + nd2/t

A comparison with the stress distribution
ence 12, p. 489) indicates a value of the
Their tests were made ●n plates with open

(h-d)}

given hy Cokgr and Fflon (refer-
CO@ff3Ci~nt n equal tO 2.!5t03.
holes and, if the holes were

filled by bolts, the stress dietrilution would be more uniform and n
correspondinglyreduced. Possilly n equal to 1.5 to 2 wotid give a
result that is more ne~ly correct. If the holes are very closely spaced,
the effective secticn is probably not appreciably different from the mini–
mun eection t(h – d).

3.7 Modifications in the Theory for Load Distribution for Loads

above the Limit of Proportionality

Above the limit of proportionality the equatlcrw that determine the
load distribution are no longer linear and, although an exact solution
may be formally obtained by treating S as a ncnlinear functicn of P,
the computational wcrk would then be very severe. The results may, how-
ever, be chtained to any required de:~reecf accuz-acyIn the following
simple way, provided tk.eload-extension cuz-veis kr.own. Assume that the

load cn the ith bolt is Pi ?vnAtlxm rear this value

where the meaning of the constants ki and Si may be seen from figure

12. The quantity k is proportional to the reciprocal of the tangent
modulus in the same way that c is proportional to the reciprocal of
the modulus of elasticity (E) at low loads. On the assumption that
nonlinear deformations occur only in the boltm and at the holes and not
in the sections of the plates between the holes, the equations



—------- —. .

22 NACA ‘IM:Ne.11,35-

then give

lsi(Pf - Si)+ai(Pl+3?2+. .o Pf)=bi(P-Pl -Pa-. ..- Ti)+

ki+l (Pi+l - Si+l)

that is,

These equations differ $Yw those that are ccrrect cr?y below the llmit
of prrpcrticnality in the presewe of terms of the type klS1 - k#2 and
in tliat k now replaces c, Tn order to determine the values of S and
k, the bolt leads may be assumed to be in the ne~ghborhmd of +1.eaver=
load F/n, and in most cases recourse to a seccnd approximation will not
be necess~.ry. The corresponding Value Qf k for all the bolts may then
be obtained from the load-extension curve. The terms (kiSi-ki+lSi+=)
are then zero and tileequation~ are identical with the criginal cries,ex-
cept that k now replaces c.

When all the belt leads have been determined in this way, more accu-
rate values may be found ty substituting the corresponding values cf S
and k fcr each b~lt ir.tmthe complete oqua%ims giver.a%ove. The lead
distrituiior.may be found tc a~y required degree of accuracy by the repe-
titicm.of this proc~as.

It appears from the V>lkerscn tests tket at kalf tke ultimate load
the Val-leof k is about five times that of c in the particular case
of thick bolts, that is, at relatively large values of d/t. If, fcr
exsmple, a.
be a3sumed to
c = 2 givee

and

while k = 10

b = 1 and c = 2 at lowlcads, a value of k = l@ may
be ccrrect for leads at half the ultimate. For five bolts

=Tk=j= 0.319 P

= P* = 0,136 P

= 0.091 I’

epproximatIon
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,..

and

The value of
ulthnate load and
k=50 (or more)
it 1s found that

and .

P1 = P5 = 0.235 p

Pa =P4= 0.182 P ‘

Pa = 0.166 P

k increases very rapidly In the neighborhood of the
then, according to Volkeroon’s teslm, a value of
Is not unreasonable for a value of c = 2. Wfth ‘k= 50

P1 =P5 = 0.208P

$’2= P4 = 0.196 P

F3 s o.192P

These results Bhcw the extent to which the loads are more uniformly
distributed when there are deformationsbeyond tho proportional limit.
The deeign of a joint should not, hcwever, be based on these equalized
loads becauee the actual behavior of each individual bolt (or rivet) is
likely to be Irregular near the ultimate load. It is uafer to base the
design cm values of k corresponding to medium loade.

3.8 Symmetrical.Joints

When there ie s:ymmetry,it is convenient to number the bolts frcm the
axis of symmetry and, for example, in a Joint with 8 bolts the numbering
is then

4 (end), 3,2,1,1,2,3,4 (end)

If all the sections of the plate and straps are the came

cl =C2=. ..=C

The total number of bolts Is assumed to be 2n, and the equatlcne Valtd
up to the limit of proportionality are
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P* = p=

Pa = PI + (2/c) PI

P3 = Pa i-(2/c) (PI + P=)

P4 = P3 + (2/c) (Pl + P= + Pa), and so forth

and P1 may be fcmnd from the equation

after

lar~e

2(Pl+P2+. ..+ Pn)=

expressing Pi in terms of P1. The tiolt

number of bolts are shown in figure 14 for
5, 10, 20, and 40.

If, now, a certain number of the bolts - say

P

loads for joints with a

values of c equal to

from (i + 1) - carry
loads above-tke limit of proportionality while these up to i carry
loads belGw this limit, an approximate soluticn uay te found as follows.

Assume the displacement below the limit of proportionality to be

8i = c Pf50

and for all load6 above to be

t)f= k (Pi–S)Eo

where k and S are constants.

The continuous lead–extension curve i~ thus rsplaced ty two straight
lir.esaa shc-wnin figure 13. The assumed limit of proportionality is at
the lead So = Sk/ (k–c), and by a proper choice of the second line

this value will be greater than P1. On the other hand, however, the
value of k so determined will be much smaller than that corresponding
to loads near the ultimate.

If the ith bolt carries a load that is just equal to So, the dis-
placement at this bolt may be expressed by either of the preceding for–
mulas. The equations for the first i bolts are then
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Pi = Pi-= + (2/c) (P* + P* + . , . pi-~)

as before, and for the succeeding %olts are

Pi+l =Pl+

Pi+~ = Pl+~

As an exemple,
and the results for

(1) Fe =S.:

PI

(2/k) (Pl + P2 + . . . Pi)

+ (2/k) (pl -1-pa + . . . pi-l), and so forth

a symmetrical Joint with 12 bolts may be considered
c =5andk = 20 are given below,

= l.OOOOP1 = 0.0684 So

Pa = PI + 0.4 P= = 1.4000 p= = 0.0957 so

P3 = Pa + 0.4 (P= + P~) = 2.3600P1 = 0.1613 so

P* = Pa + 0.4 (Pl i-. . . + P3) = 4.2640Pl = 0.2914 So

P5 = PA + 0.4 (Pl + . . . + PA) = 7,8736 PI = 0.5380S0

F= = P5 + 0.4 (Pl + . . . +p~) =14,6326 pl = l.OOOOSO

0.5 P =P1+P2+0. .+P6

(2) P~ = so:

P~

P~ = similar expression

Pa = to those above

P4

P=

=3L5302 PI = 2.1548 So

= 1.0000 p= = o.1270sc

= 1.4000P~ = 0.1778 so

= 2.3600P= = 0.2997 So

=4.2640Pl = 0.5415 so

= 7.8736 PI = 1.0000 so

P= =P5 + 0.1 (Pl + . . . +P5)= 9.5634 pl = 1,.~46 So

0.5 P =P1+P2+. ..+P* = 3.3606 so
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(3) P4= SO:

PI = 1.OCOO P1 = 0.234’5So

T~ = similar expressions = 1,4000 PI = 0.3283 So

P~ = to those above = 2.3600 Pl = 0,5535 so

P4 = 4.2640PI = 1.0000 So

P5 = PA + o.1 (Pl + . . . +P4) = 5.166A PI = 1.2116 so

P= = P5 + 0.1 (Pl + . . . +P5) = 6.s854 PI = 1.5444 So

o.~ I?= P1+P2+. ..+6=6= 4.8723 So

Similar results may be obtained for Pa, P2, and P1 equal to So

thus giving the loads carried by the bolts at various applied.leads as
Phown in figure 15(a). For intermediate values the loads carried by the
bolts may he found simply by linear interpolation. The bolt loads are
also shown tn figure 15(b) as functicms of the total load for this par-
ticular case.

The example shows that In a j~int with many bolts the lead distribu-
tioilis far fzwm being uniform even when the deformations are ncn.1.inear.

T’ketime taken to complete the calculations and the drawings was 1*
hours, which clearly flhowsthat an analysis of this kind can be made in
a reasonable time.

3.9 Reinforcing of Main Plate by Side Plates

If the main plate is reim”orced hy side plates, as ehom in fi~ure
16(a), these will to acme extent behave as straps in the usual way, but
the deformation at the main bolt will be slightly altered. The loads
carried by the bolts are denoted by

PIY l?2)P3) and so forth

the leads in the sections of the midlle plate by

QI = Pl, Q2 = PI + P2, Q= = P1 + P2 + P3, and so forth
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and the loads in the sections of the two side plates takqn togetber:by,.,1

R== P- QZ, R== P–Q2, R3 =P-Q3, and so forth

as shown in figure 16(b). The displacement at the first bolt was previ-
ously denoted by CIPISO and, because the side plates, an additimal
term that is proportional to P, must nowbe introduced. (See fig. 16(c).)

This additional term consists of two pwts. one of which is due to
bending of the bolt and the other due to the compression arising from
the bearing stresses on the side plates. The first gives a displacement
in the same direction as PI, and the second gives a displacement in the
opposite direction because the side plates slip back relatively to the
middle plate. The main bolt will USUa.llybe strong in comparison with
the plates and khe displacements due to bendin~ will therefore be mnall
in comparison with those due to bearing. The total.displacement due to
P1 will therefore be negative and hence

’51 = (CIP1 - gP)50

where g is a positive ccnstant. The equation

now gives

while the other equaticns are as before

A more detailed discussion of the constant g is given below.

Assume, for example, that there are one bolt and tkree rivets, as
in figure 16(a), and that

al = a2 = a~ =b1+b2+b3=l

c1 =1.5, c~=c3=c4=3

g= 0.8

.,-- ,—-,. ,,,. ,.- —!-! ! ! !!—-..!! . . . . . . . . . . . . . . . . . . . . .--. —
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3.5 PI -3P~ = 1.8 P

2Pl+5P~-3P3=P

2P1+2P2+5Pa–3P4= P

Pl+P~i’P3+P4=P

which giVe

In other word%, not quite
transferred hy-tl.erivets

PI = 0.557 P

.== 0.050PD

P~ = O.la P

P4 = 0.272 P

half the load –Pl+P~+P3=o.443P - is
to the side plates and from tileseto the main

bolt. In addition, the bearing stresBes acting cn the middle plate are
reduced to 55.7 percent of those found when there were no side plates.
If the term gPbo is neglected, the loads are found to le

PI = 0.403 P

Pa = 0.137 I’

P3 = 0.164 P

P4 = 0.296 P

As explained, the coefficient g may be written in the form

where gl represents the
represents the bending of’
stresses has already teen

f?)= d -&

compression due to the bearing stresses and gll
the bolt. The deformation due to the bearing
discussed and
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that 1s,

The bending of
approximately

g%so =glPZ/EA= (l’@d) 1.3 (d/2k)

131= 0.65 (A/2t1)

the bolt is due to a bending mcment the value of which is

(P/2) (s-t, -t2)/2

and from this brycalculating the relative displacement between the cantexw
of the side plates and the middle plate it is toun.dthat

$~1 P50 = gxl P(Z@A) = (2/3) (P/EdZ4)(s-tl-tZ)(3t12+6tlt2-t2t,22)

that is,

g
11 = 0.43(A/dll)(t2\dl)S(s/t2–1 - J

}*1/t2) ~1 + 3(tl/t2) + 1..5(tl/t2)2

If the main bolt is made of steel and the plates of dural, the above
constants 0.65 and 0.43 in gl and gll shouldbe replacedby 0.52
and 0.14, respectively. It can be seen from thesb expressions for gl
and gll that the latter ia small in comparison with the former if the
diameter dl of the f’irstbolt is large in comparison with the thicknesses
of the plates, which is usually the case in practice.

For the slightly different system depicted in figure 17, all the equa-
tions remain the came as before except that now P1 + Pz + P3 + P4 = O
instead of P. With the same dimensions as above it is found that

P1 = 0.462 P

P2=- 0.c61 P

Ps = - o.127P

P* = - 0.274 P

In other words, not quite half the load is transferred %y the three rlvete
to the @ddle plate and from thie to the main bolt. The bearing stresses
are correspondinglyreduced to 53.8 percent of those found when no middle
plate is added for the strengthening of the lugs.
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4. SINGLE SHEAR JOINTS
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It has already been pointed out that in single shear there is local
bendin~ in the plates, and the consequent tilting of the rivets increasee
the displacement for a Given load. Even ff the rivets we designed for
the same bearing and shear stresses as for rivets in double shear, the
displacements must be expected to be larger. If this additional displace–
ment did not occur, the results already found for double shear would be
directly applicable to single ehear, and by writin~ the displacement fcr
loads below the limit of proportionality as

5 = GmJo = CP (z/EA)

It would be found that

c = (A/1) (1.6/t -t>/d)

for twc plates ..r~ ~~.e Sme thickness riveted tcgether. The actual dis–
placement is probably lager and this will be mcst noticeable for large
dbmeters when the tilting of the rivets is cf greatest importance.

A theoretical analysis of the load distribution on the rivets Is
given below and the value of c is assumed to be known. This analysis
is very much complicated by the bending of ‘!heJcint as a whole, and the
results nay be summarized a6 follows:

1. The lead distribution on the rivets is dependent on the tc.talload
even below the proportional limit (instead of being independent,
as for double shear Joints)

2. Fcr the came value of c the l~ad distribution at small loads
shows even greater nonuniformity than that for double shear
J?ints

3. The load dietrilution leccmes more unifGrm as the lcaclsare in–
creased and in scme cases is better than that for double shear
joints ewnbelgw the limit of proportionality

4. At higher loads the load distribution apyroximatas to that for
double shear joints, provided the elastic limit or the ulti–
mate strength hae not already been reached
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The results for double shear joints are therefore recommended for
use in design because only the load distribution at the highest
allowable loads are of interest, and this will usually be a
safe approximation.

a preliminary to the detailed analysis the bending of a 6ingle
plate outside the joint as shown in figure 18 is first considered. The
differential equation for the elastic line is

Yxx =

where P is the offeet tensile load
stiffness. This gives the solution

Y =gexp

Py@I

and EI is the appropriate bending

(-ex/1 )

where g is the offset of the elasticAline at y = O and O ia a rlon--

dlmensiond. quantity equal to 2(p/EI)2 or (z/t) (12 f/E)* in term of
the average axial strese f = P/A in the plate. The slope of the elastic
lineatx=Ois

a= (g/2)6’

Now consider a symmetrical Joint between tw~ platee of the same thick–
ness t and with 2n rivets, the rivets being numbered frc?mthe axi~ of
symmetry as ehown in figure 19(a). Initially the plate~ are flat, and
under the tensile load P they bend as shown in figure 19(b). At the
axis of symmetry the central line of each plate is offs~t a distance o.5t
from the load axis. If the bending in the Joint could be neglected, and
the slope be kept as at the ends,

O.st = g + a(n- 0.5)2

approximately, and this gives

~’
{ }

t/ 2+(2n-L)e

a= (t/2)e/{2+ (2n }- l)e
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l?he~eformulas give an approxhate indication of how the”elope varies
with the load, it being remembered that e is a function of the load. In
consequence the moment arms will also depend on the load, and the l~ad dis-
tri~-~tionon the rivets is then dependent on-the load even at loads below
the limit of proportionality. The load distribution is, however, greatly
influenced by being inside the joint, and these approximate formulas have
merely been given to fix ideas.

The relation between a and g at the outer rivet is needed for a
more exact solution of the problem. Ccnsider a section originally of
length 1, between the (i - l)th and the ith rivets in the left–hand
side of the axis of symmetry as shown in figure 20. The termile load car-
ried by the plates is denoted by Qi and Ri, and the rivet loade at the

ends of the section by Pi–= and Pi. Then frcm symmetry

Qi+Ri=P

QI =Rl= P/2

Ri = P/2 – Ni–l

and Rn = Pn

where
Ni = Pl+P~+ . . .

The offset loading causes the plates to bend,
section are at m-angle $1 G

tensions at the common surfaces

Ril/EA - t@i/2 +

r

one en~ther.”

of the plates

5i = QiZ/EA +

I?i

and the plane ends of the
Comparison between the ex–

then gives

t@i/2 + bi–~

that la,
-1

= (t/EAt){c(P~ -Pi-l) -2N~-1}

or

J(t@2/12Pz) ~c(Pi -Pi-1) -2 Ni.-l
}

In order to produce this degree of bending, each plate must be sub-
ject to a bending moment of amount EI@# ,
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Let yti denote the average value of the ordinate of the common sur-
face o? the two plates for the section of the Joint. The bending mcment
acting on the-whole section, resulting in bending of the two plates and
axial-forces, is then -

Mi =l?y*I = ~I@i/Z + tBi/2 - tQi/2

= (*/5) {C(pi -Pi-1)-8

and this gives
.

Ni-l
}

-1

The quantity Y1l is sen~ibly zero at very ~mall loads end the foregoing

relation then shows that

The corresponding equations for double strap joints’involvethe constant
2/c instead of 8/c. It follows that for very small loads the load dis-
tribution showe even Greater nonuniformity for single.shear joints than ~
for double shosr Joints and this is due to the bending of the plates. If
infinitely large loads could be applied within the ltiit of prop(mtionality,
angles @i woddstill be finite andatsuch loads th~equ.tions reduce

to those for double shear joints, that is,

Pi = Pi-l + (2/c) r~i-~

In the analysis of the load distribution at
convenient to replace the average ordinate yit

the point of intersection of the tangents at the
shown in figure 21(a).

Now

Yir = Yi + Z#i/6
and it follows that

r

intermediateloads it is
by the ordinate yi fif

ends of the section, as

-1

yi = (t/6p);c(~-e2/12) (pi-pi-1) -2(4 -e2/12)NI.-l
I )
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Simple relations may now be found between the quantities yi if

tlticreis an even number of rivets Y1 = O, and this merely confirms that
the ~ivets on each side of the axis of symmetry carry the same load. Fran
fi~~re 21(L) it is clear that the following recurrence relatlon holds be–
-bieenthe yt

i valuea,

Yi+l –2yi+y~-1= Z@i, i=2,3, . ..(1)l)

and at the ends of the joint (see fig. 21(c)),

Yn ‘~- t/~ +.2a/’2 =g(l +e/2) –t/2

and

Yn–1 = yn+ (a+ %)2 =g (1 + 3e/2) -t/2+ 2~1

T~~~x’w~~~icn for Yi @- $i pre~i~~slY fm.mdmay ncwle substituted
into tlmcm equaticns to givQ n relations between the n rivet loade
and th~ ordicate g.

In addition

and theee equations taken all together suffice to determine the rivet
loads Pi and the ordinate g.

In general, the solution of the equations is rather involved and
em an ili-tistratim.the comparatively simple case of n = 2 (i.e., 4 rivets)
is considered in detail. The equatior.sare

and

Y2 = g (1 + 9/2) – t/2

Yl=o =g (1 -1-3e/2) “-t/2 + zj~

wl+!2P~=P
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or

t/2+ (t/6p){c(l-
1

g(l + e/2) = e= /12)(P2 -Pl) -2(442/12)PIJ~

g(l + 38/2) = t/2- (t/6p)(@2/2){ C(P2 - PI) - 21?l]
.

and
‘2P~+2P2=P

These equations give

P*/Pl =1+ r 1{8 + e2(10 + 3@)/12 ,/[C 1 + 3@/2 + 02(lc+3@)/24II+ 6@-’l

and %y taking c = 4, the following numerical reeults
of @ may be obtained:

.—

T
e

--t

P~/P X’2/P
—— ——

0.0 0.125 0.375 I
.5 ,179 .321 !

1,0 .200 ● 300
1.5 .209 .291
2.0 .213 .237 I
2,5 .215 .285
3.0 .‘Zi5 .285
3.5 ,21!3 ! .285

—~ 1

For very large values of G

P~=I’~ (1+ 2/c)

and e.gainthis gives

., P~.= 0.2 P

l?== 0.3 P
,,.~

as for double strap jointe.
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for very high values of G is of little practical in-
correspond~ to high loads. Now

f= E@2 t2/1212

and %.Ytaking e = 2 and 2 = 10t it is found that f = E/30f). Streeees
in exce~s nf-thig value will result in noniineeu d+fermations, and the
formula will no lrng~r be valid unless the rivet pitch is incz’eas~d. The
rariatim in the l~ad on the outsr rivet is showr.d%grammatically In fig-
ur~ 22 nr,tb> basis that the leads are within the elastic li.init.The &C–

tu>alnumrical results will, of course, vary b~th with the nwnbar -f rivnts
and with th~ value of c fcr the particular Jotnt in qu.estj.on.

Mien th~ro are tiaveralrow~ of rivets jofq~~.gthe two plat~a trgether,
it is nccoesary mily to modify tne above formulas by taking A to bo the
arga ccrr.~spcndingto me line cf rivets.

Tks above table shows that with 4 rivete and c = 4 the l~ed dis-
tribution rn the rivets is the same for slrgle ariddcubl~ uh~ar Joints
j.fe=l. In general tha load dis.hributionfcr single and dcu%le shmr
j~ints with 4 rivets is the same If

q = 2c/(4 + C)

and fpr Largnr vn.lu~sof q the load distributtcn is Imttzw frr Bingle
t@n far dcmbls shaar Joints.

Tha ~quatims afigiven alove are for Jeints with an oven nunh+r
riv~’ts @n) and fnr an odd number of rivets
nvxlifiwias fr’llrfws.

(2n + 1) they skmld
The central rivet Is designated by the euffix

and the othw rivets are designated as before. Tha t~tal lead lo xv,?w

P= P,+ 2(Pl+1’2+. *.Pn)

instead of

P = 2 (PI +P2 + , . , Pn)

and
Ni = Po/2+Pl.+P~+. . .Pi

inetead af :,

‘i
=P1+P2>. ..P1
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At the axis of symmetry yl = - y. instead of yl = O. All other
gwmra],.equations, however, remain unaltered. For example, in a Joint
with only three rivets the equations are

P =Fo+2~l

{
y, = (te2/12P) C(F= -PO) -P.

}

{
1y.= (t/6p) c(l-02/12)(Pl-Po) - (4- G2/12) I’o,

Yl = g (1 + ‘9/2)-t/2

and
Yo =-Yl = g (1 + 3@/2) -t/2+ dl

which give

r
P@o=1+’8-

1 1[
e + (b+e) e2/12 / c 2(l+e) + (4+9) 02/12}1+6e

.

and by taking c = 4 the following numerical results for various values
of G may be obtained:

~ ~

—

e

-i

Po/P P~/l?

0.0 0.200 0.400
.5 , .250 .373

~.c) ‘ .276 .362
1.5 .290 .355
2.0 .298 .351

.304 .348
::: .3% .347
5.0 .3C4 .348
10.0 .296 .352

The single sheer ~oint with three rivets has the same load dis-
tribution as the double shear joint; that is, F=/P . 1 + l/c if

2c/(2 + c), and for larger values of q the eingle shear joint
~a~ a better load distribution than the double shear Joint, and in
Particular for q = 4/3 and c = 4 the load distribution
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P~/P = 0.286

P~/P = 0,357

obtained both for single and double shear Joints, and t.hcd.ist.ritution
single shear joint~ is slightly improved for larger values cf 0,

When there are eeveral.rcws of rivets it is necesm.ry only to make
the same modification that has already been meutimed fm an even mmber
cf rivets.

CONCLUSIONS

Further experimental data on the load distribution in bolted cr
r:veted joints in light-allo,ystructures are needed to check the theory
develo~ed in this report and also to provide design data on bolt and
rivet stiffkesses. The experimental data at present known are primarily
due to Volkerson and these are not sufficient. The ~umerical examples
given shcw that the load distribution does not vary greatly with the
%olt (or rivet) stiffnesses and that for design purposes it is usually
sufficient to know their order of magnitude. ‘ITM%heory may also be
directly used for spot–welded structures and, with smell modifications,
fcr seam-walded structures.

The computational work involved in the raethccisdescribed ie simple
and may be completed in a reasonable time for most practical problems.
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